Abstract-The nonlinear magnetic model of an oscillating ferromagnetic object can be used for accurate realtime estimation of its position. This is useful for piston position estimation in a number of automation and performance improvement applications involving hydraulic actuators, pneumatic cylinders, and internal combustion engines. A significant challenge to magnetic field based position estimation comes from disturbances due to unexpected ferromagnetic objects coming close to the sensors. This paper develops a new disturbance estimation method based on modeling the magnetic disturbance as a dipole with unknown location, magnitude, and orientation. A truncated interval unscented Kalman filter is used to estimate all the parameters of this unknown dipole, in addition to estimating piston position from nonlinear magnetic field models. Experimental data from a pneumatic actuator are used to verify the performance of the developed estimator. Experimental results show that the developed estimator is significantly superior to a linear magnetic field model based disturbance estimator. It can reliably estimate piston position and the unknown dipole parameters in the presence of a variety of unknown disturbances.
I. INTRODUCTION
T HE EARTH'S magnetic field has been used by humans for navigation for hundreds of years through a compass [1] . Magnetic sensors are widely used in a number of attitude estimation applications, in which orientation with respect to the Earth's magnetic field is utilized [2] , [3] . In the area of position sensing, magnetic fields have mostly been used through Hall effect [4] , [5] and eddy current sensors [6] - [8] . However, these sensors are only able to measure small distances between the magnet and the sensor. Applications which require a long range of motion may use an array of magnets along with these sensors to measure position over a larger range [9] , [10] . More recently, it has been shown that the use of anisotropic magneto-resistive (AMR) sensors can be effective for estimating the position of an object over a larger desired range of linear motion using either the inherent magnetic field of the object or a single magnet located on the object of interest by using nonlinear magnetic field models [11] , [12] . An AMR sensor is made up of a thin nickel-iron film deposited on a silicon wafer and patterned as a resistive strip, typically using four strips in a Wheatstone bridge configuration [13] . The magnetic field can be measured with this configuration because the resistance of the thin nickel-iron film changes with a change in magnetic field. The use of longer range nonlinear magnetic field model based position sensors has some distinct advantages over more standard methods for measuring piston position in piston-cylinder applications. First, unlike sensors that use an array of sensing chips or an array of magnets for long-range position sensing, this setup can be much smaller and is also easily adapted to multiple stroke lengths. Furthermore, this method of position sensing can be used to measure the position of the piston inside the cylinder in a nonintrusive manner, has no moving parts, and is easy to install. Examples of typical piston position systems that could leverage this sensor include hydraulic actuators, pneumatic actuators, and internal combustion engine cylinders.
One possible issue with the AMR-based sensing method is the fact that a foreign object which is either magnetic or ferromagnetic can cause an unexpected change in the magnetic field when brought close to the sensor. This shift in the magnetic field will cause an error in the position estimate if not compensated. It has been shown that steady-state disturbances can be estimated and compensated by using additional redundant magnetic sensors [14] . This previous method assumed the disturbances to be constant and linear between the sensors. These assumptions limit the accuracy of disturbance compensation that can be achieved. Furthermore, this disturbance compensation can have large transient errors.
This paper presents a new disturbance rejection method for magnetic field based position sensing of one-dimensional (1-D) actuators using three three-axis sensors. This method is based on a physical model of the disturbance and its position and orientation. The method is evaluated through extensive experimental tests involving disturbances by a magnet and by a ferromagnetic steel wrench. The results are compared with the linear method previously developed. 
II. EXPERIMENTAL SETUP
For experimental testing, a pneumatic actuator with a 5 cm stroke length was used. The actuator has an aluminum housing and a 2 cm diameter steel rod with a 5 cm diameter piston. A 1.27 cm diameter × 0.64 cm thick N52 grade magnet was placed in a hole bored in the center of the rod, giving the sensors a strong magnetic field signal as a function of piston position. The magnet used here cost less than $2.50, however, an even cheaper Ferrite magnet could be used as a substitute. The reference sensor used for comparison was a linear variable differential transformer (LVDT). The LVDT was attached on the outside by a plate that was bolted to the rod of the actuator.
Three 3-axis AMR sensors were placed on the housing of the actuator with one axis parallel to the motion of the piston and one axis perpendicular to the axis of motion, as shown in Fig. 1(a) . The sensors were separated by a distance of 3 mm from each other, and the middle sensor was placed near the middle of the stroke. The sensors used for this experiment were Memsic model MMC3416xPJ sensors. These sensors provide a sensitivity of 2048 counts/Gauss and can be purchased for a unit price of less than $1.50. Due to their low cost, high sensitivity, small size, and reliability, AMR sensors are ideal for this piston position application.
III. MAGNETIC FIELD MODELS
The magnetic field of a magnet can be quite complex in the space immediately surrounding it. However, when the distance from the magnet is much larger than the diameter of the magnet, the magnetic field produced by the magnet can be assumed to be that of a dipole. The magnetic field of a dipole at a point, as shown in Fig. 1(c) , is given by the following equations [15] :
For the proposed disturbance rejection method, it is assumed that the disturbance from a foreign object can be modeled as an unknown dipole.
As Fig. 1(c) shows, the magnetic field of a dipole has two components. With the sensors aligned so the xz plane of the sensors is in the xz plane of the magnet, as shown in Fig. 1(a) , these two components are fully captured by the x-and z-axis measurements. Therefore, the y-axis sensor measurements due to the magnet is zero. In this case, B r and B α are in the xz plane. The sensors will measure the x and z components of B r and B α .
In practice, the sensors cannot be perfectly aligned with the magnet axis and can even have alignment errors from one chip to another chip on the same PCB. Furthermore, there are other moving ferrous objects such as the steel rod that could contribute to some measurement in the y-axis. Most of these misalignment errors can be removed with careful calibration. The sensors must be calibrated for the distance between each sensor, the misalignment between each sensor, and the misalignment between the sensor board and the magnet's axis of motion. After accounting for all of these factors the overall signal measured on the y-axis can be reduced to orders of magnitude smaller than the other two axes and centered around zero, as shown in Fig. 2 . While this makes the y-axis insensitive to a change in piston position, it is useful in disturbance detection and rejection, as it is highly likely any disturbance will cause a significant nonzero shift in the y-axis.
For both methods of piston position estimation, the function used for the magnetic field as a function of position was a ninthorder polynomial for the x-and z-axes of measurement. This polynomial was fit to the data, as shown in Fig. 2(b) , using the LVDT as the position measurement. The y-axis measurement model was zero. Equation (3) gives the nominal measurement models for the magnetic fields measured by the first and second sensors with f x and f z being ninth-order polynomials and d 12 being the distance between the first and second sensor. The third sensor is equivalent to the second sensor with d 13 replacing d 12 .
IV. NOMINAL ESTIMATION ALGORITHM AND PERFORMANCE
A nonlinear state estimation algorithm must be used to estimate the piston position with magnetic field measurements, as the relationship between the position and magnetic field is highly nonlinear. The truncated interval unscented Kalman filter (TIUKF) [16] - [18] was used for position estimation. The unscented Kalman filter (UKF) requires less computational effort than a particle filter, allowing it to be more easily implemented in a real-time scenario on a microcontroller. Furthermore, because the measurement equations are highly nonlinear, the UKF can provide much better accuracy than an extended Kalman filter, which relies on linearization to propagate the mean and covariance of the state.
Constraints can be added to the UKF in both the sigma point selection and the probability density function (PDF). Since the piston can only be between 0 and 5 cm, interval constraints were placed on the selection of sigma points. For the same reason, the PDF was truncated after the measurement update. The state to be estimated when there is no disturbance estimate is represented by
where x p , v p , and a p are the piston position, velocity, and acceleration, respectively. Assuming the noise processes w k and n k are zero mean white noise with known covariance matrices Q and R, respectively, the system and measurement equations are as follows:
where
with dt being the sampling time and h(X k , n k ) given by (3). As mentioned prior, the lower bound on x p is 0 cm, making d 1 = 0, and the upper bound on x p is 5 cm, making e 1 = 5. The velocity and acceleration can be similarly bound if the maximum and minimum velocity and acceleration are known. The forecast step is given by first choosing the constrained sigma points, χ
where for i = 1, . . . , n , j = 1, . . . , 2n, and n being the number of states
with weights, for j = 1, . . . , 2n
The time update to be performed on the sigma points is
Then, the a priori estimate is given bŷ
New sigma points are chosen using the a priori estimate and (7)- (13), by replacingx k −1|k −1 and P xx k −1|k −1 withx k |k −1 and P xx k |k −1 , respectively. Using these a priori sigma points, the expected measurement can be calculated
where h(χ j, k |k −1 , k) is a function either derived analytically for the application using the dipole model or developed using some reference data and a reference sensor. In this paper, h(χ j, k |k −1 , k) was developed using experimental data and a reference sensor. A ninth-order polynomial model was developed using the LVDT as a reference sensor. While this high-order polynomial model could lead to dramatic errors when slightly outside the range of 0 to 50 mm due to overfitting, these errors are not of concern because the piston cannot move outside this range. Furthermore, this risk is also mitigated by the added constraints in the TIUKF. Harmonics and other functions could also be utilized for the curve fit if desired. The measurement update is then given as follows:
The final step in the TIUKF is the PDF truncation step which is reviewed in [19] and for brevity is not presented here. The bound used on x p in the PDF truncation is the same as e 1 and d 1 .
The position of the piston can be accurately estimated when there is no disturbance using this method, as shown in Fig. 3 .
The piston position estimate was subtracted from the LVDT measurement in order to determine the error, as shown in Fig. 3(b) . The errors in piston position are less than 1%, as can be seen in Fig. 3(b) , with a maximum error of 0.047 cm for the 5 cm stroke length.
V. DISTURBANCE REJECTION METHODS
When a ferromagnetic object, such as a steel plate, is near the sensors, it distorts the nominal magnetic field. This distortion produces an error in the position measurement through a shift in the measured magnetic field.
Four experiments and two types of disturbances were used to evaluate the different disturbance rejection methods. First, a 0.64 cm diameter × 1.27 cm thick N52 grade magnet was introduced near the pneumatic actuator during a test. This magnet can be assumed to act like a dipole at large enough distances, which is the basis for the assumption of a dipole disturbance model. As it is unlikely that a magnet would be the disturbance in a real-world application, a 250 mm steel adjustable wrench was also used as a disturbance source, as shown in Fig. 4(a) . The wrench does not necessarily fit the assumption of a dipole disturbance as well as the magnet does, but it can be treated as equivalent to some dipole in 3-D space. Both disturbances caused a significant shift in the magnetic field. Fig. 4(b) gives an example of such a disturbance, where the measured field along each axis of one sensor as a function of position is shown. Each axis has a significant shift in the measurement as a result of the disturbance.
A. Linear Constraint Model for Disturbance
The linear constraint method has previously been used with single-axis sensors [20] . Here, it is adapted for the TIUKF and three 3-axis sensors. The linear constraint method assumes that the disturbances are linear between the sensors on each set of axes, which is a fair assumption if the sensors are significantly close and the disturbance source is a large enough distance away. The disturbance on each sensor axis is added as a state, adding nine states to the system and making the state to be estimated
where D 1x is the disturbance on the first sensor in the x-direction and similar for the other disturbances. The new system matrix and output matrix are as follows:
Inequality constraints are added to these disturbances in the PDF truncation step to add the linear assumption. It is assumed that because the sensors are close, the disturbance between them can be fit to a line on each axis. With d 13 , the distance between the first and third sensor, being twice the distance of d 12 , the linear constraint then becomes D 1x − 2D 2x + D 3x = 0. To implement this in the PDF truncation, the constraint becomes an inequality constraint of the form − < D 1x − 2D 2x + D 3x < , where is a significantly small number.
It is initially assumed that there is no disturbance and the initial model uncertainty associated with the disturbances, Q i,i (i = 4, . . . , 12), is set to zero. The innovation process, y k −ŷ k |k −1 , is used to detect the presence of a disturbance. The innovation process is low-pass filtered and checked at every measurement to see if some preset threshold is passed. The preset threshold can be determined by observing the innovation process when there is no disturbance present. Once a disturbance is detected, the associated Q i,i values are set to a nonzero value. These values are initially large then reduced when the innovation process stays under the threshold for a set number of measurements.
B. Dipole Model for Disturbance
The dipole method assumes that the disturbance can be modeled as an equivalent dipole somewhere in 3-D space. As Fig. 1(c) shows, the magnetic field of a dipole has two components in the rα plane. Transferring the equations for these components to a point in 3-D space with the xyz axes aligned with the magnet's xyz axes, the magnetic field components become
2r 5 (27)
In order to use these components in the sensor coordinate frame, it cannot be assumed that the dipole lines up with the sensor axes. Therefore, Euler angles (γ, β, α) are estimated in order to rotate these components into the sensor coordinate frame. This method gives seven unknowns to be estimated for the disturbance: the xyz position of the dipole (x d , y d , z d ), the dipole strength (B 0 ), and the Euler angles of the dipole with respect to the sensor coordinate frame (γ, β, α). The new state to be estimated becomes
The new system matrix and output matrix are
where D 1x , D 1y , and D 1z are found by taking (26)-(28) and rotating them by the estimated Euler angles.
, and D 3z are found in a similar manner, but with the offset of d 12 and d 13 along the sensor's x-axis added. As with the linear constraint method, it is initially assumed that there is no disturbance and the model uncertainty associated with the disturbance states, Q i,i (i = 4, . . . , 10), is set to zero. In this case, however, the initial states must be set to values producing negligible disturbance values. The innovation process is similarly low-pass filtered and checked to see if it is above a preset threshold for disturbance detection. Once a disturbance is detected, the associated Q i,i values are set to a nonzero value. As with the linear method, these values are initially large then reduced when the innovation process stays under the threshold for a set number of measurements.
VI. DISTURBANCE REJECTION RESULTS

A. Magnet Disturbance Results
Both disturbance rejection methods were implemented on the same sets of data. The magnet was first introduced near the sensors while the piston was moving. Both methods track the position well until the magnet is brought within range at about 5 s into the test. Fig. 5 shows the results with the shaded rectangle representing the time during which the disturbance was introduced.
After its introduction, the magnet remained in place for the remainder of the test. The linear method had a maximum error of 11.85 mm, whereas the dipole method had a maximum error of 4.51 mm. Both methods converge to similar performance levels after some time. The linear method produced larger errors during times when the piston was not moving after the initial disturbance. Fig. 6 shows the magnitude of the disturbance on each axis for one sensor, as well as how well each method tracked the disturbances for this test. The disturbances were calculated using the reference sensor position and the calibrated model for the magnetic field as a function of piston position. For this test, the disturbance was nearly 15 000 counts on each axis, greater than the nominal range measured due to the piston on the x-axis. Once the disturbance is detected at around 5 s into the test, both methods begin to estimate their disturbance states to estimate the disturbance. The dipole method does a significantly better job of tracking the disturbances in D 1x and D 1z .
Another test was performed where the magnet was introduced at a point where the piston was not moving. This test had a disturbance of about 6000 counts in the z-axis and 1500 counts in the x-axis. As Fig. 7(a) and (b) highlights, each method tracks the position well until the disturbance occurs around 6.5 s into the test.
As Fig. 7(c) shows, the linear method had a maximum error of 4.50 mm, whereas the maximum error for the dipole method was only 2.23 mm. Both methods converge to similar performance levels after some time. After the disturbance was introduced, the linear method had a large error at one point during the test where the piston was not moving and was at the end of the stroke.
B. Wrench Disturbance Results
In both of these tests, the wrench was used as the disturbing object. Again, one test was conducted with the piston moving during the disturbance introduction and another test with the piston stationary. In the case with the disturbance introduced during piston motion, both methods initially track the position well until approximately 6 s into the test, as shown in Fig. 8 .
The wrench provided a disturbance of about 500 counts. The wrench remained in place during the rest of the test after its introduction. The linear method had a maximum error of 11.74 mm, whereas the dipole method had a maximum error of 2.78 mm. Both methods converge to similar performance levels after some time. Fig. 9 shows how well each method tracked the disturbances on one sensor. As previously mentioned, initially, the disturbance states have very low Q i,i values and some arbitrary initial values until the disturbance is detected. Once the disturbance is detected approximately 6 s into the test, each method begins The last test performed was with the wrench introduced at a point where the piston was stationary. The wrench introduced a disturbance of about 1000 counts on the x-axis and 4000 counts on the z-axis. As can be seen in Fig. 10 , each method tracks the position well until the disturbance occurs around 6.5 s into the test.
In this test, the linear method had a maximum error of 10.53 mm, whereas the maximum error for the dipole method was only 5.22 mm. The linear method initially performed similar in rejecting the disturbance, but had some large errors at the extremes of the motion when the piston stopped to switch directions.
In all of the experiments, both methods performed well when tracking the disturbance on the y-axis, D 1y . The y-axis measurement has next to no change with position as previously mentioned and shown in Fig. 2 and has a measurement model of zero. This causes large changes in the y measurement to be mostly attributed to the disturbance for both methods. In the linear model, there is no relationship between a disturbance in the y-axis and the other axes, so this is of little consequence in estimating the other disturbances. However, the dipole model uses the same seven parameters to track all nine disturbances. Therefore, the clear value of the disturbance on the y-axis aids in determining the disturbances on the other axes, providing a more accurate position estimation with a disturbance present. The superiority of the dipole method is particularly evident at times when there is a disturbance and the piston is stationary.
VII. CONCLUSION
Magnetic sensors have only recently been used for long-range position sensing. A nonlinear magnetic field model and observer must be used to estimate the position of the magnetic object over a large range of motion. While a pneumatic system is used in this paper, the measurement system can also be applied in mobile hydraulics and many other linear translation systems. Furthermore, while this system has an aluminum housing, a cylinder with ferromagnetic housing can be used as well. However, a ferromagnetic housing will reduce field strength and can introduce hysteresis into the system, which can reduce overall accuracy. Addressed in this paper is the fact that since the system uses magnetic fields for position estimation, it can be vulnerable to magnetic field disturbances caused by ferromagnetic objects within the vicinity of the sensor.
A TIUKF was used to estimate the position of the pneumatic piston. The measurement model of the magnetic field as a function of piston position was developed using an LVDT as a reference sensor. Constraints were placed on the piston position in both the sigma point generation and the PDF truncation steps corresponding with the known limits on the states.
Two different methods for rejecting the disturbance were tested. The linear disturbance method assumes the disturbance is linear between the three sensors on each axis. The dipole method assumes that the disturbance can be modeled as an equivalent dipole somewhere in 3-D space.
Four experiments were performed to test each method and two types of disturbances were used, a wrench and an actual magnet. One test was performed for each type of disturbance occurring during the motion of the piston and the other occuring while the piston was stationary.
The dipole method provided a better overall position estimate with maximum errors of 4.51 mm (9.0%), 2.23 mm (4.5%), 2.78 mm (5.6%), and 5.22 mm (10.4%) for various disturbances, whereas the linear method had maximum errors of 11.85 mm (23.7%), 4.50 mm (9.0%), 11.74 mm (23.5%), and 10.53 mm (21.1%) for the respective tests. All of these errors are transient errors at the time of disturbance introduction and are significantly reduced in a few seconds. Furthermore, some of the disturbances tested were quite large, particularly the magnet introduced during motion. This test introduced a disturbance of over 200% of the x-axis measurement and over 60% of the zaxis measurement, but caused only a maximum error of 9.0% in the dipole method position estimation. While the linear method had very high initial errors when subjected to a disturbance, it did typically converge after a couple of seconds to a similar level of error as output by the dipole method for static disturbances. These tests show that the dipole method can reject the disturbance better than the linear method even for disturbances that may not behave like a dipole in nature, like the wrench, but can be represented by an equivalent dipole somewhere in 3-D space.
